
Confidence Interval of the Residual of Diagnostic Parameter 

In previous articles Hunter and Mezaki ( 1964), Kittrell 
and et al. (1966), and Hill and Mezaki (1967) showed 
that a residual analysis of a diagnostic parameter can re- 
veal the inadequacy of a proposed mechanistic kinetic 
model and can also suggest a systematic modification to 
lead to a more appropriate model. In this analysis the sign 
of residual is vital. Thus, it was felt that the presentation 
of residual values with their confidence intervals provides 
a more definitive result concerning model adequacy. This 
is particularly true when the absolute value of residual is 
determined to be quite small. 

In this communication, a method is presented to calcu- 
late the confidence interval of the residual of the diagnostic 
parameter. Then it is shown how to use the confidence in- 
tervals with the residuals to ensure the adequacy of a pro- 
posed model. 

KINETIC MODEL AND ITS DIAGNOSTIC PARAMETER 

In an article of Hunter and Mezaki (1964), Hougen- 
Watson rate models were postulated to describe the total 
catalytic oxidation of methane. Based upon the result of 
residual analysis of a diagnostic parameter, the following 
model was selected as appropriate: the surface reaction 
between gaseous methane and adsorbed oxygen is rate- 
controlling and the reaction produces both adsorbed 
carbon dioxide and adsorbed water. For this reaction a 
Hougen-Watson model is given by 

we get 

and a diagnostic parameter C1 is defined as 

where 
c1 = Bo + Bzxz + B3x3 + a x 4  

1 
Po = ~ 

y/kKz 

a 82 = - 
y K  
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(4 )  

I Y = O  J 
Using Equation (5) one can readily obtain the observed 
value of C1. 

RESIDUALS OF THE DIAGNOSTIC PARAMETER AND ITS 
CONFIDENCE INTERVALS 

Now a case is considered where several experimental 
observations are available. For this case Equation (2)  may 
be written in a matrix form 

c1=xp (6) 

where C1 is the vector of observed values of C1, X is the 
matrix of independent variables xz, x3, and x4, and p is the 
vector of coefficients Po, &, 83 ,  and p4. If X'X is a non- 
singular matrix, then the residuals of C1 are given by 

A 
c1 - c1 = (I - X(X'X)-1 X )  c1 (7)  

Draper and Smith (1966) showed that the variance-co- 
variance matrix of residuals V(e) is 

K3 
B3 = ~ flkx 

K4 
8 4  = - Vi& 

The estimates of the coefficients 80, P2, j33, and j34 and sub- 

sequently C1 are readily determined through a linear re- 
gression provided that the experimental values of C1 are 
available. Combining Equation (1)  with the following 
relationship 
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A 
V(e) = V(C1 - C,) = (I - X (XX)-l  X') u2 (8) 

where 2 is the experimental error variance which can be 
estimated from replicated experiments. Thus the confi- 
dence interval of the residual of the ith experiment Cli - 
Cli is given by 
A 

A 
where V(ei) is the ith diagonal element of symmetrical 

matrix (I - X (X'X)-' X') 2; tv ,alz  is the (1 - d 2 )  100% 
point of the t distribution with v degrees of freedom. This 
is true provided that the basic assumptions are satisfied 
(see Draper and Smith, 1966) : 

1. ei is a normally distributed random variable with 
mean zero and variance u2 (unknown). 

2.  ei and ej are uncorrelated, i # j ,  and by ( l ) ,  are in- 
dependent. 

For the catalytic oxidation of methane which was stud- 
ied by Hunter hnd Mezaki (1964) the levels of experi- 
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mental variables xi, x2, x3, and x4 were selected according 
to the 2“,1 fractional factorial design of Table 1. This 
table has been abstracted from Hunter and Mezaki. The 
residuals of the diagnostic parameter were computed and 
the results were presented elsewhere (Hunter and Mezaki, 
1964; Kittrell et al., 1966). Table 2 of this note was taken 
from Table 4 of Hunter and Mezaki (1964). Comparison 
of Table 1 and Table 2 indicates that the residuals of C1 
do not appear to be correlated with the levels of any ex- 
perimental variables and the signs of the residuals do not 
exhibit any pattern. However, it should be noted that the 
residual for the sixth experiment is comparatively small. 
Hence for this particular experiment the possibility of the 
other sign should be considered. If this sign had been 
positive, the residuals of the diagnostic parameter C1 
would have been perfectly correlated with the concentra- 
tion levels of methane (see Table 1 ) .  This could imply 
that the concentration of methane was not adequately 
taken into account. In case that the true value of the sixth 
residual is indeed negative, the above conclusion is quite 
misleading. With the sole presentation of signs and values 
of residuals, however, such a situation as described above 
will be encountered. In this connection the calculation of 
the confidence interval of the diagnostic parameter allows 
the elimination of the inherent uncertainty of the residual 
analysis. 

For the example illustrated in this communication the 
confidence interval of the diagnostic parameter C1 has 
been computed through Equation (9). The result is 

shown in Table 2. For the calculation we used a2 of 
0.4287 x low6, the detailed computation of which is 
given in Hunter and Mezaki. As can be seen from the 
table, the 95% confidence interval of each residual will 
not include zero provided the statistical assumptions are 
satisfied. Although they are probably not satisfied exactly, 
for problems of practical interest the results will still be 
nearly correct. For the sixth run, for example, we expect 

A 

Run 

1 
2 
3 
4 
5 
6 
7 
8 

Run 

1 
2 
3 
4 
5 
6 
7 
8 

TABLE 1. EXPERIMENTAL DESIGN 

tl €2 €3 54 

-1 
$1 
-1 
$1 
-1 
+ I  
-1 
$1 

-1 
- 1  
+ I  
+1  
-1 
-1  
$1 
$1 

-1 
-1 
-1 
-1 
$1 
+1 
$1 
$1 

XI - 0.015 x2 - 0.120 
€1 = €2 = 

0.005 0.060 

x3 - 0.065 ~4 - 0.095 
€3 = 

0.035 
€4 = 

0.055 

+ 1  
-1 
-1 
$1  
-1 
$1 
$1 
-1 

TABLE 2. RESIDUALS OF DIAGNOSTIC PARAMETER 

A 
(C1- Cl) x 103 

A (with 95% confi- 
c1 x 103 c1 x 103 dence interval) 

15.57 
11.94 
25.99 
31.53 
13.56 
18.52 
34.03 
29.87 

15.99 
11.03 
27.04 
30.92 
14.08 
18.55 
34.14 
29.26 

-0.42 k 0.01 
+0.91 f 0.03 

+0.61 f 0.05 
- 1.05 k 0.07 

-0.52 f 0.04 
-0.03 -C- 0.01 
-0.11 2 0.06 
+0.61 f 0.07 

the residual of the diagnostic parameter C1 developed 
from Equation ( 1 )  to fall between -0.02 and -0.04, its 
calculated 95% confidence interval. Hence the adequacy 
of the rate model given by Equation (1) is indeed sup- 
ported. 

Through a Hougen-Watson rate model for the catalytic 
oxidation of methane, there has been illustrated the appli- 
cation of confidence interval of the diagnostic parameter. 
The supplement of the interval appears to be of consider- 
able help in selecting an adequate model and it is recom- 
mended. 

NOTATION 

diagnostic parameter 

predicted value of the diagnostic parameter 
n x 1 vector of the values of the diagnostic pa- 
rameter 

n x 1 vector of the predicted value of the diag- 
nostic parameter 
n x n identity matrix with 1’s down the diagonal 
and 0’s elsewhere 
rate constant g mole/ (g.cat.) (hr) (atm) 
adsorption equilibrium constant for methane, 
atm.-l 
adsorption equilibrium constant for oxygen, 
atm.-2 
adsorption equilibrium constant for carbon diox- 
ide, ah . - ’  
adsorption equilibrium constant for water, atm. -1 
number of observations 
100 (1 - d 2 )  % point of the t-distribution with 
Y degrees of freedom 
reaction rate, g mole/ (g.cat.) (hr) 
error variance of the residual of diagnostic param- 
eter 

A 
V (  e ) = estimated error variance of the residual of di- 

w 
x1 
x2 
x3 

x4 
y 
(Y 

pi 

f3 
Y 

ti 
u 2  = experimental error variance 

v2 

agnostic parameter 
= space time, (hr) (g-cat.)/g mole 
= initial partial pressure of methane, atm. 
= initial partial pressure of oxygen, atm. 
= initial partial pressure of carbon dioxide, atm. 
= initial partial pressure of water vapor, atm. 
= fractional conversion of methane 
= confidence level of t-distribution 
= true values of the collections of rate and adsorp- 

tion constants denoted by bi, i = 0, 1, 2, . . . 4 
= vector of parameter values pi 
= number of degrees of freedom 
= standardized independent variables as defined in 

Table 1 

A 

= estimated experimental error variance 
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